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Abstract

Covid-19 is a disease that infects the respiratory tract caused a corona
virus. This disease has infected human populations around the
world which causing a pandemic. The Covid-19 pandemic has
become the focus of research on lately. This study aims to construct
the latest mathematical model related to the transmission of Covid-
19 in the human population. The model that is formed is constructed
by considering several epidemiological parameters that are very
identical to the actual conditions. In the formation of the model there
are many unknown parameters. Therefore, the maximum likelihood
method is used to estimate the parameters of the model that is
formed. At the start the Covid-19 epidemic model was constructed
without control with given assumptions and based on the facts
obtained. Then from the model would formed equilibrium point,
and basic reproduction number. The next discussion is to designed
an optimal control using the Pontryagin Minimum Principle which
is applied to reduce the number of people Covid-19 infected by
using the backward-forward sweep algorithm. The results of the
numerical simulation will later produce an optimal control strategy
that is suitable to prevent Covid-19 to be more effective.

1. Introduction

Covid-19 is a disease that infects the respiratory tract caused a corona virus. This disease has infected human

populations around the world which causing a pandemic. This phenomenon makes all aspects take action to

find the best treatment options and anticipatory ways to prevent this pandemic on a regular basis. From a
mathematical perspective, these problems are closely related to the construction and implementation of
mathematical models to identify potential solutions. Researchers have studied the coronavirus epidemic in a
limited population involving isolation classes [1], involves mobilizing to push for diagnosis and researching
how many vaccines are needed to suppress the spread of the Covid-19 pandemic [2], [3]. SIR (Susceptible,
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Infected, Recovered) model which modified presented in previous research [4], [5] to project the actual
number of infected cases and the specific burden on Covid-19 isolation classes and incentive care units. Several
researchers developed a Covid-19 model and studied its dynamic behavior [6], [7], [8].

This study aims to construct the latest mathematical model related to the transmission of Covid-19 in the
human population. The model that is formed is constructed by considering several epidemiological
parameters that are very identical to the actual conditions. In the formation of the model there are many
unknown parameters. Therefore, the maximum likelihood method is used to estimate the parameters of the
model that is formed [9]. At the start the Covid-19 epidemic model was constructed without control with
given assumptions and based on the facts obtained. Then from the model would formed equilibrium point,
and basic reproduction number. The next discussion is to designed an optimal control using the Pontryagin
Minimum Principle which is applied to reduce the number of people Covid-19 infected by using the
backward-forward sweep algorithm. The results of the numerical simulation will later produce an optimal
control strategy that is suitable to prevent Covid-19 to be more effective.

2. Method

2.1 Mathematical Model

This chapter discusses the formulation of a mathematical model of Covid-19 by dividing the human
population into five categories based on their health status: susceptible individuals (Sy), exposed/latent
individuals (Ey), infected individuals(1,), hospitalized individuals (Hy), recovered individuals (R;). To
formulate the covid 19 model, several limitations or assumptions are given, namely: human birth rate is not
constant, there is a process of birth and death, every human being has the same chance of contracting Covid-
19, pure death (not due to covid-19) occurred in all classes, and deaths from Covid-19 only occurred within a
class of infected individuals. The variables and parameters used in the Covid-19 mathematical model that will
be formulated can be seen in Table 1 and Table 2 as follows:
Table 1 Description of Covid-19 Mathematical Model Variables

Variable Information
Sw(t) The number of humans who are susceptible to time ¢
En(t) Number of humans latent at time ¢
In(¢) The number of people Covid-19 infected at that time t
Hy(8) Number of infected humans undergoing hospitalization at the time
t
Ry (1) The number of humans who recovered in time ¢

Table 2 Description of Covid-19 Mathematical Model Parameters

Parameter Information
A Human Rate Recruitment
p Human proportion of being vaccinated
Un Pure human death rate
U Human death rate due to infection with covid-19
B Proportion of contact between vulnerable humans and latent
humans
a Proportion of contact between latent humans and infected
humans
n Proportion of infected individuals undergoing hospitalization
Yh1 The rate at which individual classes who treatment at the

hospital experience recovery
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Yh2 The rate of infected class individuals recovering due to
immune immunity
€ Proportion of latent individuals undergoing treatment in
hospital
uy (6) Proportion of susceptible humans who were vaccinated at the

timeof t with0 < u,(t) <1

Schematically the process of the covid-19 epidemic in humans can be presented in the transfer diagram
in Figure 1.
TPhHr

Hy
A
o + %
g &
il
A (1 —uwyp)B1,S,
ahEh ]/h:fh #th
— s, > En > I » Rn
MpS, Y
h-h E . r
l-“h h (pp+p)ly u pS,,

Figure 1. Covid-19 Epidemic Transfer Diagram in Humans

Based on Figure 1, the formulation of the covid-19 epidemic model in humans which is a system of

differential equations as follows:
as,
—— = A= (1 = wyp)B1Sp — uspSy — tpSh

= (1 - u1p)51h5h — aEp — €Ep — ppkEp

—2=aky, — (p + e + 1+ Vi) ln (1.1)
i eEn + iy, — (up + Y1) Hy

dR

ar = WPSkt ViaHr 4 Vnzln = unRp

Previously, we will analyze the uncontrolled model with u; (t) = 0, so the system (1.1) defined as follows:
dsy
a2 A (Bln + pn)Sh
dEy,
- BlpSn — (un + @ + €)Ep
ar
&= By — (up + te + 1+ V)l
¢ = EEn il — (n + Yr)Hr
dRy,
ar = Ymfr + Vielh = nRy

(1.2)

From (1.2) We would find the equilibrium point by making zero on the right-hand side of the system.
Define:
X=u,+ta+eg
Y'=pip +pc + 1+ ¥na)
Z= fip+¥Ym
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So that:
ds, ,
o A= (Bl + pr)Sh ®
dE, .
—" = BI,S), — XE (@it)
ddlt B1nSh n
n (iii)
—=aE, Y]
ddl_tl akp h
— = €En + iy — ZH; @)
dRh 1
ar YniHr + Yr2ln — tnRp (i)
From (i) be obtained:
A
A—(BI S, =05, =——
(Bln + pr)Sh "B ¢
From (iii) be obtained:
YI
aEh—Y1h=0<:)Eh=7h (2)
Substitution (2) to equation (ii) be obtained:
XYI, Xy
B1,S, — =0, =0atau S, = — 3)
Case I, = 0:
From (1) be obtained S}, = MA (4)
h
From (2) be obtained E, = 0 (%)
From (5) and with substitution I;, = 0 and E}, = 0 to (iii) be obtained H; =0 (6)
So that equation (v) become: %
Rh = 0
Thus the diseases-free equilibrium point is as follows:
A
Py, = (—,0,0,0,0)
™\, (1.3)
Case I, # 0:
In the same way as before and assuming the endemic points are P, = (Sy, E;,, I, H7, Ry,) then be obtained:
XY
Sp ==
h a
. APa—upXy
Eh -
BaX
. _ MBa — pupXY (1.4)
= pgxy
1 = BB = 1 XV) Gna¥aY + 1a¥ia)
T BaXyZ ’
R* = (ABa — upXY)(Yna¥n1Y + nayns)
h ppBaXyYZ
A requirement that in the population there will always be individuals infected with Covid 19 if the value of
I > 0.
To determine the basic reproduction number, it is assumed that I;; > 0.
«  ABa—upXy
BXY
So notice that:
I >0
ABa — ppXY
S —>0
BXY

& ABa — XY > 0
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ABa
= >1
HpXY
So that it can defined the basic reproduction ratio number R, = %
h
So we can get a more concise endemic point as follows:
o X
nT By
. MY
Eh = ﬁ—a (RO - 1)!
«_ Hn
Ih = F (RO - 1);
. (¥ +nau, (R — 1) (4.5)
"™ paz 0 ’
(rn2@Z + eyniY +nayn)
Ry = Ry—1
h ,BaZ ( 0 )

Stability analysis is obtained based on the eigenvalues of the jacobian matrix through the linearization
method:

—Bly—un O —BS, 0 0
B, -X BS 0 0
J= 0 a -Y 0 0
\ 0 £ n —Z 0 /
0 0 Yhz  Yn1 THn
For the disease-free point then
0 AA 0 0
—u 0
" Hp
BA
-X =
J(Py) = 0 Un 0 0
0 a Y 0 0
0 £ n —Z 0
0 0 Yz Ym1 —Hn
So that det(Al — J(Py)) =0
BA
A+X - ,u_ 0
A A h =0
A+m)Autm)| _ 0 0% o
—& -n A+Z
A+X AA
e A+ u)A+p)A+2) tn| =0
-a A+Y

BAa
S A+u)@A+u)@A+2) [/12 +(X+Y)/1+XY—M—] =0
h

So that the eigenvalues are obtained:

Ay = —up, Ay = —y, A3 = —Z and consider the following equation:

apl> + A2 +a, =0 0))
Withay =1,a, =X + 7, a, =XY—% = XY(1 —R,).

Clearly a, > 0if Ry < land a, < 0if Ry > 1.

Clearly 2,5 = _a;:O\/D.

From (I) will be shown D > 0.
Case Ry < 1.

Clearly

D = a? — 4aya,
= (X +Y)? —4XY (1 - Ry)
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= X% +Y?+2XY — 4XY + 4R,
=X*+Y?—-2XY + 4R,

= (X —-Y)2+4R, > 0.

Case Ry > 1:

Clearly a, < 0 caused D > 0.

Will be shown —a, + VD < 0.

Note that

0 < a? —4a, < a?

=0<VD<aq

& —a; <—-VD <0

S —ap + VD <.

Because of —a; + VD < 0 then the eigenvalues 1, 5 is a negative number.
To an endemic point P, = (S, Ey,, I, H, R}):

(—ﬁlﬁ—#n 0 —BS 0 0 \I
BI; -X BS; 0 0

J(Py) = 0 a -Y 0 0

0 e . —Z 0 /

0 0 Yn2  Yn1 THn
In the same way as before that is by completing det(AI — J(P;)) = 0 then the characteristic equation can be
obtained:
A+ u) A+ D2 + (R + X + V)22 + [(X + VppRolA + pp XY Ry — D] = 0
So that it is obtained

Ay = —up, A, = —2 and consider the following equation:
X3+ x 2+ x,A+x3=0
With xo = 1,X1 = l’thRO +X + Y, Xy = (X + Y)‘uhRo, x3 = ,LthXY(RO - 1) (II)

To check the roots of the equation (II) has a real negative part would be used by the Routh-Hurwitz
Criterion, namely by showing;:
i.x;>0,%,>0,x3>0
. X1y —x3 >0
Let endemic equilibrium point there is a time Ry > 1
SovalueR, —1 >0,
Thus it is obtained that x;, x, , x5 > 0
Then notice that:
X%, — X3 = (UpRo + X + V)((X + V)ppRo) — (upXY (R — 1))
= upX?R% + upX?Ro + upXYRy + u2YRZ + 1 Y?Ro + up XY
So value xyx, — x3 > 0if Ry > 1.
Thus, the value of 1;, A, and the real part 43, 44, 45 negative value. So point P, is said to be locally
asymptotically stable if Ry > 1.

2.2 Parameter Estimation

This chapter discusses the formulation of a mathematical model of Covid-19 by dividing the human popula

In this section, we will describe the parameter estimation in the dengue model using the maximum
likelihood method. The following is the construction of the CTMC model (Continous Time Markov Chain) for
the established Covid-19 epidemic model by reviewing only the population that can cause the spread of the
Covid-19 epidemic:
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BI, Sy At ,(sn—1en+1,iphy)
apE, At ,(spen—1,ip+1,h)
_ | eEpAt ,(spen—1,ip, he + 1)
PAE=9 1 At (S enin — L hy + 1)
(Yn1 + Yn2)HrAt » (Sweninh+1)
1= (BInSh + anEp + eEp + 0l + (Va1 + va2)Hr)At, (Shr €n, in, he)
L(B, an, &M, Yh1) Vn2)
T T T T T T
=f ﬁlh(t)sh(t)dtf ahEh(t)dtf sEh(t)dtf nlh(t)dtf (Yn1 + Yro)Hp dt +f X1dt
0 0 0 0 0 0

T
+ exp (—f X2+ Xl)dt)
0
with

X1 =1—= BIL@OSh(t) + apEn(t) + €E(t) + nlp(t) + (Yp1 + Yr2)Hr),
Xy = Bl (0)Sp(t) + anEn(t) + €Ep(t) + nlp(t) + (Yn1 + Vr2)Hr.

Note that:
6lnL(ﬁ, Any €MV YhZ) =0
ap h
[ LS, @®dt (T )
—_ | I S d
- (foTﬁIh(t)Sh(t)dt fo W05 (e
T
( T ~ fo W5 (e > - JT—Ih(t)Sn(t)dt
fo (1 = (BI(O)Sp(t) + anEp(t) + €Ep(t) + nly(t) + (Ypa + th)HT))dt 0
=0
ol RGO
'8 f (1 - ﬁlh(t)sn(t) + apEp(t) + eEp(t) + iy () + (Ypy + th)HT))dt
© 2B fo L(@®)Sp(O)dt =T — ay, fo Ep(t)dt — ¢ fo Ep(t)dt — 7 fo I, () dt = (Y1 + Vn2) fOT Hpdt 1)

In the same way can be obtained:
dlnL (.81 Any €M Yhay th)

a(xh =0
© 2ay [ Ey()dt = T = B [} 1,(0)S,()dt — & [ Ep()dt — 7 f) 1,(6) dt — (vay + Va2 [ Hrdt (29
OInL (B, an, €1, Yn1,¥Yn2) _
de =0
© 2¢ [} Ey(t)dt =T = B [] 1()Su(t)dt — ay, [ En(6)dt —n [ 1,() dt — (vny + Vi) J, Hrdt (39
alTLL(‘B, Ap, €1, Yh1) th) — O
an
o 2 [) 1,0t =T = B [ 1, (S, (O)dt — ay [ Ex(0)dt — & [ En(£) dt — (yuy + Vnz) [ Hrdt (49
L (B, an, &1, Yn1, Yna) _
=0
0V + th; . ; . ;
& 2(Yn1 +¥n2) Jy Hr(®)dt =T = B [ I(O)Sp(t)dt — ay, [, En(t)dt — € [ E,(t)dt —n [, I,(t) dt (57
OlnL(B, an, &1, Yr1, Yn2) _ 0
Tayhl T T T T T
S 2y [, Hr()dt = T = B [ [n()Sp(t)dt — ay, [ Ex(t)dt — & [, Ep(t)dt —n [) I5(t) dt — yp, [; Hr(t) dt (6
alTLL(‘B, A, €1, Yh1) th) — O
T?th T T T T T
S 2¥ny Jy Hr(®)dt =T = B [ I()Sp(t)dt — ay, [ En(6)dt — € [ Ex()dt —n [ 1,(t) dt =y f, Hr(t) dt (7°)

Substitution (3*) to (2*) can be obtained:
T =B [, h(OSu(O)dt + @y [ En(Odt =1 [ L()dt = (i +¥a2) [y Hr(©)dt
2

2ay, fo TEh(t)dt =
el
\ %
e
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& 3ay [ En(©)dt = T = B [ In(©)Sp(O)dt = [ 1n()dt = (vus + ¥i2) f Hr(t)dt
From (8*) and (2*) can be conclude that a; = «.
Substitution (4*) to (1*) can be obtained:

2 TI S d —T TE d
ﬁfo h(t)h(t)t—i_ahfo L) dt + >

T
(Yhat+Yn2) [ Hr(®)dt
2

2By 1(©)S, (Ot =T — @, ] Ex()dt —

Substitution (4%) to (9*) can be obtained:

T T BT IhE)Sp(b)dt T Wna+vna) fy Hr(Dade
2(Yp1 + Vn2) fo Hp(t)dt = > % —ay fo Ep(t) dt + ok 20 L
3 T T BT I©sp®)dt T
© > n +¥n2) [y Hr(O)dt =2 — % —ay [, En(t) dt

Substitution (10*) to (9%) can be obtained:
T T
;ﬂ foT 1,(0)S, (H)dt = g —a foT E, ()dt — T BJy In©Sp(t)dt  apf, Ep(t)dt

6 6 3
T
& 2B ] (S, @ dt = L - 2k BnO%

3
T
T—4ap [ Ep(t)dt
L3 ﬁ = — 0
5fp In®Sp(®)at

Substitution (10*) to (4*) can be obtained:

_ 21 2B [y In(®Sh®At  4anfy En(®)
3 3 3

Substitution (4%), (9*) to (1*) can be obtained:

3ay f, En(t)dt =T — B[] 1,(t)S, ()t —

6 6 6 3

T
I (t)Su(t)dt
(=4 gah fOTEh(t)dt = E_M

T fF a

oay = ﬁfoTlh(t)Sh(t) t
5[y En(®)at

Substitution (11*) to (13%) can be obtained:

T, 4 (T
T-5+zn Jo En(®)dt

ap = T

Jo En(®)at

T

21ap [, Ep()dt 4T

o nly En _ AT

5 5
S ap = T

h Zlft;rEh(t)dt

Substitution (14*) to (11%) can be obtained:
T—5T T

ﬂ 21

TS [ Osp@®dt 21 f) 1h(©Sp(©)dt

Substitution (14*), (15%) to (12*) can be obtained:

T T 4T T
2[7T Jo IR®Sp@®)dt  4|———| [, En(t)dt
T _ 2T 21 [y Ih(t)Sh(t)dt] 21 [y Ep(H)dt
27] fO Ih(t)dt = ?— 3 — 3

2T 2T 16T
_ 3 63 63 24T

Penerbit ITDel

B Iy hOSi®dt  (u +yn) fy Hr(®)de
2

(89

99

(107)

(117)

(127)

3

o1 2By n(OSh(Ddt  4a fOTEh(t)dt] B [Z _BLy n®Sp®dt  2ay [y Ex(®at

3

(13%)

(147)

(15%)

(16")
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Substitution (14%), (15%) and (16*) to (6*) can be obtained:

T
54T Yni [y Hr(t)dt

T *
Vo ST Hi(0)de = 24T Tk HrCOt (179)

Substitution (8*) to (7*) can be obtained:
54T 54T | Ym Jy Hr(©dt

T
2Yn1 fo Hp(t)dt = e " 22 .

3 T 54T
S SVm fo Hp(t)dt = —

252 .
< VYn1 = ) (187)

21 fOT Hr(t)dt

Substitution (18*) to (17%) can be obtained:

T 54T 3T
V2 Jy Hr(®)dt =——— =
3T *
Vh2 21 f) Hr(t)dt (197

So the parameter estimates obtained are:
ﬁ T 4T 4T 24T 3T 3T

- 21f(;rlh(t)sh(t)dt; = 21f(;r15h(t)dt;‘g - 21f0TEh(t)dt;77 - 126_[0TIh(t)dt;)/h1 - 21f0T1~1T(1:)dt;)/h2 - ZlfoTHT(t)dt
So that the estimated parameters used in the COVID-19 epidemic model are presented in the following
Table 3.

Table 3 Covid-19 Mathematical Model Parameter Values

Parameter Value Parameter Value
Un 0.0167 n 0.132

Ue 0.3 Yh1 0.323

B 0.0732 Yn2 0.165

a 0.05464 £ 0.041

3. Results and Discussion

In this section, we will solve the problem of optimal control in the covid 19 epidemic model by vaccination.
The optimal control problem in a system of equations with control consists of the objective features given as
follows:

tr

J= minf (I, + Byu?)dt
0

With 0 <t <t 0 < uy(t) <1, t; is final time, [, number of people infected with covid 19, B, is a positive
constant representing the vaccination weight.
H = Iy + Byuf + A[A — (1 —wy;p)B1,S, — w1pSy, — UnSpl + As[us0Sk + Va1 Hr + Violn — unRy] +

+2:[(1 — wip)BIp Sy — @By, — €Ep, — ppEp] + A3[@Ep — (pp + pe + 1 + Vi) ln

+24[€Ep + nlp — (U + Y1) Hrl
The Hamiltonian function will reach an optimal solution if it satisfies the conditions of the state equation,
costate and stationary conditions.
State equation:

oH
=
Costate equation:
JH
A= BE (I —=wup)Bl (A — A2) + uip(Ay — As) + Ay
h
0H
A, = T35 a(ly = A3) + (A — A4) + Aoptn
h

Penerbit ITDel
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0H
Ay = BEA 1 =wp)BSh(A — A2) + (A3 — Ay) + Y2 (A3 — A5) + (up + uc) A3
h
Ay = VY(Ag — A5) + Aapty
0H
As = — 6_Rh = Astin
Stationary Conditions:
oH _
ou,

. 13Sh(Az=A1)+PSp (A -1
So can be obtained u, = 2£!nht 2;? pSp(41-5)
1

Thus the optimal control value can be expressed as follows:

1Sy (g — A1) + pSy(Ay — A
u;(t)=min(1,max<o,pﬁh 102 =) 45,0, 5)>>_
1

The optimal control problem with Pontryagin Minimum Principle can be solved numerically, by designing
an algorithm that produces an approximation of the optimal control value. Note that the optimal system
consists of an equation of state with initial conditions, an equation of state with a transversality condition, and
the characteristics of the optimal control. This optimal control problem can be solved by a backward-forward
sweep algorithm as follows:

Time interval [O, tf] divided into N subinterval uniform. Vector ¥ = (xy, x5, ..., xs) and vector 1= (A1, Ay wees As)
which is an approximation vector for state and co-state.

Make an initial guess for u; over the time interval, with u;(0) = 0 based on the state differential equation on
the optimal system with the order 4 Runge-Kutta method. u;(t) is a control approximation u, at the time t.
With the initial state x; = x(t,) = x, and value on uy, would be done the solution of state value (¥) by forward
at the time t. Based on the differential co-state on the optimal system with the order 4 Runge-Kutta method.
With the condition of transversality Ay,; = /l(tf) = 0 and value u; can be solved i by at the time t.

Update value u; by substituting the value of ¥ and 7 into the optimal control characterization.

Check for convergence. If the variable values in the current and previous iterations are close enough, then the
current value is the solution. If not, then go back to step 2.

The simulation results are presented as follows:

Shif) 74 Eh(1)

0.5

0 20 40 60 80 100
DenganKontroll ! |— Tanpa Kontrol

0 100 200 300 400 500 0

t
Dengan Kontrol | |— Tanpa Kontrol |
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Ih( 1) Hh(#)
14 14
0.5 054
0 T T T T T 1 0 T T y T 1
0 10 20 30 40 50 60 0 20 40 60 80 100
! Dengan Kontrol | © [—— Tanpa Kontrol
[ Dengan Kontrol | |—— Tanpa Kontrol | | engan Konirol | | anpa Kontrol |
Simulasi Model
03
54
025
4
02
™
_%
Fi(r) 3
Oopist
g
01
14
0.05
0 T T T T \
0 100 200 300 400 500 0

0 10 20 30 40 50 60 70 80 90 100
Waktu (Hari)

4
Dengan Konr.mﬂ |—' Tanpa Kontrol

Figure 2. Population dynamics of the covid19 model with the vaccination program

Based on Figure 1. that means at first the optimal control value uj given with a sufficiently maximal effort,
then control the optimal value slowly along with the decrease in infected individuals. Based on the picture, it
can also be seen that the size of the infected human population has increased slightly, this is due to the addition
of a graph of the vulnerable human population infected with COVID-19. Then the graph of the size of the
human population that has decreased, this is caused by the reduction of the human population caused by
death or caused by humans who have recovered from infection due to the treatment process or the
individual's strong immunity.

4. Conclusion

This study formulated and analyzed a compartmental mathematical model of Covid-19 transmission
incorporating susceptible, exposed, infected, hospitalized, and recovered populations under realistic
epidemiological assumptions. The analysis showed that the disease-free equilibrium is locally asymptotically
stable when the basic reproduction number R, < 1, while an endemic equilibrium exists and is stable when
R,y > 1, indicating sustained transmission. Model parameters were estimated using the maximum likelihood
method within a continuous-time Markov chain framework to better capture transmission dynamics.
Furthermore, an optimal vaccination control strategy was derived using the Pontryagin Minimum Principle
and solved numerically via the backward-forward sweep algorithm. Simulation results indicate that strong

—
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early vaccination efforts substantially reduce infection levels, after which control intensity can be gradually

decreased, demonstrating that timely and optimally designed vaccination policies are effective in minimizing
the spread and overall impact of Covid-19.
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